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The concept of α-closed graphs of an operation on τ had been defined by Kasa-
hara [8]. The operation α had been renamed as γ operation on τ by Ogata [11].
He defined γ-open sets and introduced the notion of τγ which is the class of all
γ-open sets in a topological space (X, τ). Since that, γ operation on τ has at-
tracted the attention of many researchers. Among them are γ-preopen sets [9],
γ-semiopen sets [10] and γ-β-open sets [6]. Using these sets, several separation
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axioms such as γ-preTi [9], γ-semiTi [10] and γ-βTi [6] for i = 0,
1
2 , 1, 2 were
defined.
Recently, the notion of γ-PS -open sets had been defined by Asaad, Ahmad
and Omar [2]. This set is stronger than γ-preopen set. Besides that, they also
introduced γ-locally indiscrete and γ-hyperconnected spaces [1]. In addition,
they introduced and studied the notion of γ-PS-T 1
2
space [4].
The aim of this paper is to introduce some new γ-PS- separation axioms
called γ-PS -Ti for i = 0, 1, 2 by using γ-PS-open sets. Some relations between
these constructed γ-PS- spaces with other existence γ- separation axioms as
well as their properties have also been investigated.
2. Preliminaries and Main Definitions
In this paper, the pairs (X, τ) and (Y, σ) (or simply X and Y ) always mean
topological spaces on which no separation axioms assumed unless otherwise
mentioned. An operation γ on the topology τ on X is a mapping γ : τ → P (X)
such that U ⊆ γ(U) for each U ∈ τ , where P (X) is the power set of X and
γ(U) denotes the value of γ at U [11]. A nonempty subset A of a topological
space (X, τ) with an operation γ on τ is said to be γ-open [11] if for each x ∈ A,
there exists an open set U containing x such that γ(U) ⊆ A. The complement
of a γ-open set is called a γ-closed. The τγ-closure of a subset A of X with an
operation γ on τ is defined as the intersection of all γ-closed sets containing A
and it is denoted by τγ-Cl(A) [11], and the τγ-interior of a subset A of X with
an operation γ on τ is defined as the union of all γ-open sets containing A [10]
and it is denoted by τγ-Int(A) [10]. An operation γ on τ is said to be regular
if for every open neighborhood U and V of each x ∈ X, there exists an open
neighborhood W of x such that γ(W ) ⊆ γ(U) ∩ γ(V ) [11].
Let’s recall some known notions which are useful in the sequel.
Definition 2.1. Let (X, τ) be a topological space and γ be an operation
on τ . A subset A of X is said to be γ-preopen [9] (respectively, γ-semiopen [10]
and γ-β-open [6]) if A ⊆ τγ-Int(τγ-Cl(A)) (respectively, A ⊆ τγ-Cl(τγ-Int(A))
and A ⊆ τγ-Cl(τγ-Int(τγ-Cl(A)))).
Definition 2.2. The complement of a γ-preopen [9] (respectively, γ-
semiopen [10] and γ-β-open [6]) set is called γ-preclosed (respectively, γ-semiclosed
and γ-β-closed).
Definition 2.3. [2] A γ-preopen subset A of a topological space (X, τ) is
called γ-PS-open if for each x ∈ A, there exists a γ-semiclosed set F such that
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x ∈ F ⊆ A. The complement of a γ-PS -open set is called γ-PS -closed.
Definition 2.4. Let A be any subset of a topological space (X, τ) and γ
be an operation on τ . Then the τγ-PS -closure [2] (respectively, τγ-preclosure
[9], τγ-semiclosure [10] and τγ-β-closure [6]) of A is defined as the intersection
of all γ-PS -closed (respectively, γ-preclosed, γ-semiclosed and γ-β-closed) sets
of X containing A and it is denoted by τγ-PSCl(A) (respectively, τγ-pCl(A),
τγ-sCl(A) and τγ-βCl(A)).
Lemma 2.5. [2] Let A be a subset of a topological space (X, τ) and γ be
an operation on τ . Then:
1. A is γ-PS -closed if and only if τγ-PSCl(A) = A.
2. x ∈ τγ-PSCl(A) if and only if A ∩ U 6= φ for every γ-PS-open set U of X
containing x.
Definition 2.6. A subset A of a topological space (X, τ) with an operation
γ on τ is said to be:
1. γ-PS -generalized closed (γ-PS -g-closed) if τγ-PSCl(A) ⊆ G whenever A ⊆
G and G is γ-PS -open set in X [4].
2. γ-pre-generalized closed (γ-preg-closed) if τγ-pCl(A) ⊆ G whenever A ⊆
G and G is γ-preopen set in X [9].
3. γ-semi-generalized closed (γ-semig-closed) if τγ-sCl(A) ⊆ G whenever
A ⊆ G and G is γ-semiopen set in X [10].
4. γ-β-generalized closed (γ-βg-closed) if τγ-βCl(A) ⊆ G whenever A ⊆ G
and G is γ-β-open set in X [6].
The class of all γ-PS -open (respectively, γ-PS-closed and γ-PS -g-closed) sets
of a topological space (X, τ) is denoted by τγ-PSO(X) (respectively, τγ-PSC(X)
and τγ-PSGC(X)).
Definition 2.7. A topological space (X, τ) with an operation γ on τ
is said to be γ-PS-T 1
2




[10] and γ-βT 1
2
[6]) if every γ-PS -g-closed (respectively, γ-preg-closed, γ-semig-closed and γ-
βg-closed) set in X is γ-PS -closed (respectively, γ-preclosed, γ-semiclosed and
γ-β-closed).
Definition 2.8. A topological space (X, τ) with an operation γ on τ is
said to be γ-preT0 [9] (respectively, γ-semiT0 [10] and γ-βT0 [6]) if for each pair
of distinct points x, y in X, there exists a γ-preopen (respectively, γ-semiopen
and γ-β-open) set U such that either x ∈ U and y /∈ U or y ∈ U and x /∈ U .
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Definition 2.9. A topological space (X, τ) with an operation γ on τ is
said to be γ-preT1 [9] (respectively, γ-semiT1 [10] and γ-βT1 [6]) if for each pair
of distinct points x, y in X, there exist two γ-preopen (respectively, γ-semiopen
and γ-β-open) sets U and V such that x ∈ U but y /∈ U and y ∈ V but x /∈ V .
Definition 2.10. A topological space (X, τ) with an operation γ on τ is
said to be γ-preT2 [9] (respectively, γ-semiT2 [10] and γ-βT2 [6]) if for each pair
of distinct points x, y in X, there exist two disjoint γ-preopen (respectively,
γ-semiopen and γ-β-open) sets.
Theorem 2.11. [4] For any topological space (X, τ) with an operation γ
on τ . Then X is γ-PS -T 1
2
if and only if for each element x ∈ X, the set {x} is
γ-PS -closed or γ-PS -open.
3. γ-PS-Ti Spaces for i = 0, 1, 2
In this section, we introduce some types of γ-PS - separation axioms called γ-
PS-Ti for i = 0, 1, 2 using γ-PS -open set. The relation between these γ-PS -
spaces and other types of γ- spaces will be investigated. Some basic properties
of them are studied.
Definition 3.1. A topological space (X, τ) with an operation γ on τ is
said to be:
1. γ-PS -T0 if for each pair of distinct points x, y in X, there exists a γ-PS -
open set G such that either x ∈ G and y /∈ G or y ∈ G and x /∈ G.
2. γ-PS -T1 if for each pair of distinct points x, y in X, there exist two γ-PS -
open sets G and H such that x ∈ G but y /∈ G and y ∈ H but x /∈ H.
3. γ-PS -T2 if for each pair of distinct points x, y in X, there exist two γ-
PS-open sets G and H containing x and y respectively such that G ∩
H = φ.
The following are some basic properties of γ-PS-Ti spaces for i = 0, 1, 2.
Theorem 3.2. Let (X, τ) be a topological space and γ be an operation
on τ . Then X is γ-PS -T0 if and only if τγ-PSCl({x}) 6= τγ-PSCl({y}), for every
pair of distinct points x, y of X.
Proof. Let (X, τ) be a γ-PS -T0 and x, y be any two distinct points of X.
Then there exists a γ-PS -open set G containing x or y (say x, but not y). Then
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X\G is a γ-PS-closed set, which does not contain x, but contains y. Since τγ-
PSCl({y}) is the smallest γ-PS-closed set containing y, τγ-PSCl({y}) ⊆ X\G,
and so x /∈ τγ-PSCl({y}). Consequently τγ-PSCl({x}) 6= τγ-PSCl({y}).
Conversely, suppose for any x, y ∈ X with x 6= y, τγ-PSCl({x}) 6= τγ-
PSCl({y}). Now, let z ∈ X such that z ∈ τγ-PSCl({x}), but z /∈ τγ-PSCl({y}).
Now, we claim that x ∈ τγ-PSCl({y}). For, if x ∈ τγ-PSCl({y}), then {x} ⊆ τγ-
PSCl({y}), which implies that τγ-PSCl({x}) ⊆ τγ-PSCl({y}). This is contra-
diction to the fact that z /∈ τγ-PSCl({y}). Consequently x belongs to the
γ-PS -open set X\τγ-PSCl({y}) to which y does not belong. It gives that X is
γ-PS -T0 space.
Theorem 3.3. Let (X, τ) be a topological space and γ be an operation
on τ . Then X is γ-PS -T1 if and only if every singleton set in X is γ-PS -closed.
Proof. Suppose (X, τ) be γ-PS -T1. Let x ∈ X. Then for any point y ∈ X
such that x 6= y, there exists a γ-PS -open set G such that y ∈ G but x /∈ G.
Thus, y ∈ G ⊆ X\{x}. This implies that X\{x} = ∪{G : y ∈ X\{x}}. Since
the union of γ-PS -open sets is γ-PS-open. Then X\{x} is γ-PS -open set in X.
Hence {x} is γ-PS-closed set in X.
Conversely, suppose every singleton set in X is γ-PS-closed. Let x, y ∈ X
such that x 6= y. This implies that x ∈ X\{y}. By hypothesis, we get X\{y}
is a γ-PS -open set contains x but not y. Similarly X\{x} is a γ-PS -open set
contains y but not x. Therefore, a space X is γ-PS-T1.
Theorem 3.4. For a topological space (X, τ) with an operation γ on τ .
The following conditions are equivalent.
1. X is γ-PS -T2.
2. If x ∈ X, then there exists a γ-PS-open set G containing x such that
y /∈ τγ-PSCl(G) for each y ∈ X.
3. For each x ∈ X,
⋂
{τγ-PSCl(G): G is a γ-PS -open set containing x} =
{x}.
Proof. (1)⇒ (2) LetX be any γ-PS -T2 space. For each x, y ∈ X with x 6= y,
then there exist two γ-PS-open sets G and H containing x and y respectively
such that G ∩ H = φ. This implies that G ⊆ X\H and hence τγ-PSCl({G}) ⊆
X\H since X\H is γ-PS -closed set in X. Therefore, y /∈ τγ-PSCl(G).
(2) ⇒ (3) Straightforward.
(3) ⇒ (1) Let x, y ∈ X with x 6= y, then by hypothesis there exists a
γ-PS -open set G containing x such that y /∈ G and hence y /∈ τγ-PSCl(G).
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Then y ∈ X\τγ-PSCl(G) and X\τγ-PSCl(G) is γ-PS-open set. So G ∩ X\τγ-
PSCl(G) = φ. Therefore, X is γ-PS -T2 space.
The following remark follows directly from Definition 3.1 (3).
Remark 3.5. If for each pair of distinct points x, y in a topological space
(X, τ), there exist two γ-PS -open sets G and H containing x and y respectively
such that τγ-PSCl(G) ∩ τγ-PSCl(H) = φ. Then X is γ-PS-T2.
The relations between the γ-PS -Ti for i = 0,
1
2 , 1, 2 are given as follows:
Lemma 3.6. Let (X, τ) be a topological space and γ be an operation on
τ . Then the following statements are holds:
1. If X is γ-PS -T2, then it is γ-PS-T1.
2. If X is γ-PS -T1, then it is γ-PS-T 1
2
.
3. If X is γ-PS -T 1
2
, then it is γ-PS-T0.
Proof. (1) Directly from Definition 3.1 (2) and (3).
(2) Directly from Theorem 3.3 and Theorem 2.11.
(3) Let x, y ∈ X such that x 6= y. Since X is γ-PS -T 1
2
space. Then by
Theorem 2.11, the set {x} is either γ-PS -closed or γ-PS -open. If {x} is γ-PS -
closed, then X\{x} is γ-PS -open. Hence y ∈ X\{x} and x /∈ X\{x}. So X is
γ-PS -T0. Or, if {x} is γ-PS-open. Then x ∈ {x} and y /∈ {x} and hence X is
γ-PS -T0 space
The converse of the above remark does not always true as shown from the
following example.
Example 3.7. Let (X, τ) be any infinite set with the cofinite topology
and γ be an operation on τ . Define an operation γ on τ by γ(A) = A for all
A ∈ τ . Simplify the space X is γ-T1 and hence it is γ-preT1 and γ-semiT1.
Then by Corollary 3.15, X is γ-PS -T1, but not γ-PS -T2, since for x and y in
X, there is no a pair of disjoint γ-PS -open sets, one containing x and the other
containing y.
Example 3.8. Consider the space X = {a, b, c, d} with the topology
τ = {φ,X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}}. Define an operation γ on
τ by γ(A) = A for all A ∈ τ . Thus, τγ = τ , τγ-PSO(X) = {φ,X, {a}, {b}, {c},
{a, b}, {a, c}, {b, c}, {a, b, c}} and τγ-PSGC(X) = {φ,X, {d}, {a, d}, {b, d},
{c, d}, {a, b, d}, {a, c, d}, {b, c, d}}.
So the space (X, τ) is γ-PS -T 1
2
, but it is not γ-PS-T1 since for the points a
and d in X, there is no γ-PS-open set containing d but not a.
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Example 3.9. Let X = {a, b, c} with the topology τ = {φ,X, {b}, {c},
{b, c}, {a, b}}. Define an operation γ : τ → P (X) as follows: for every A ∈ τ
γ(A) =
{
A if c ∈ A
Cl(A) if c /∈ A
Clearly, τγ = {φ,X, {c}, {b, c}, {a, b}}, τγ-PSO(X) = {φ,X, {c}, {a, b}, {a, c}}
and τγ-PSGC(X) = {φ,X, {b}, {c}, {b, c}, {a, b}}. Then (X, τ) is γ-PS -T0 but
it is not γ-PS -T 1
2
since the set {b, c} is γ-PS -g-closed, but it is not γ-PS -closed.
More relations between the γ-PS -Ti with other types of γ-preTi for i = 0, 1, 2
are provided as follows:
Lemma 3.10. Let (X, τ) be a topological space and γ be an operation on
τ . If X is γ-PS-Ti, then X is γ-preTi for i = 0, 1, 2.
Proof. The proof is obvious since every γ-PS -open set is γ-preopen.
The converse of the Lemma 3.10 may not be true as seen in the following
example.
Example 3.11. Consider the space X = {a, b, c, d} with the topology
τ = {φ,X, {a}, {c, d}, {a, c, d}, {b, c, d}}. Define an operation γ : τ → P (X) by
γ(A) = A for all A ∈ τ . Then τγ = τ . Therefore, the space (X, τ) is γ-preTi,
but it is not γ-PS-Ti for i = 0, 1, 2.
Corollary 3.12. Let (X, τ) be a topological space and γ be an operation
on τ . If X is γ-PS -Ti, then X is γ-βTi for i = 0, 1, 2.
Theorem 3.13. [2] Let (X, τ) be a topological space and γ be an operation
on τ . If (X, τ) is γ-semiT1, then the notion of γ-PS-open set and γ-preopen set
are identical, or this means that the notion of γ-PS -closed set and γ-preclosed
set are identical.
Theorem 3.14. [2] Let (X, τ) be γ-semiT1 space and γ be an operation
on τ . A set A in X is γ-PS -g-closed if and only if A is γ-preg-closed.
Notice that the converse of Lemma 3.10 is true when a space X is γ-semiT1
as shown in the following.
Corollary 3.15. Let (X, τ) be a γ-semiT1 space. Then (X, τ) is γ-PS -Ti
if and only if (X, τ) is γ-preTi for i = 0, 1, 2.
Proof. Directly follows from Theorem 3.13 and Theorem 3.14.
The following theorem is a relation between the γ-PS-Ti with other types
of γ-semiTi for i = 0, 1.
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Theorem 3.16. Let (X, τ) be a topological space and γ be an operation
on τ . If X is γ-PS -Ti, then X is γ-semiTi for i = 0, 1.
Proof. (1) For i = 0, let X be a γ-PS-T0 space and x and y be any two
distinct points of X. Then there exists a γ-PS -open set G containing x or y
(say, x but not y). Thus, by Definition 2.3, there exists a γ-semiclosed set F
such that x ∈ F ⊆ G. So X\F is a γ-semiopen set containing y, and it is
obvious that x /∈ X\F . Therefore, X is γ-semiT0 space.
(2) For i = 1, then the proof is similar to the part (1).
Definitions 2.3 and 3.1 lead us to the following remark.
Remark 3.17. Let (X, τ) be a topological space and γ be an operation
on τ , then the following are true:
1. If X is γ-PS-T0, then for each pair of distinct points x, y in X, there exists
a γ-semiclosed set containing one, but not the other.
2. If X is γ-PS -T1, then for each pair of distinct points x, y in X, there exist
two γ-semiclosed sets one containing x but not y, and the other containing
y but not x.
3. If X is γ-PS -T2, then for each pair of distinct points x, y in X, there exist
two disjoint γ-semiclosed sets one containing x and the other containing
y.
Theorem 3.18. Let γ be an operation on τ , then:
1. Every topological space (X, τ) is γ-preT 1
2
[6].
2. Every topological space (X, τ) is γ-βT 1
2
[7].
From Lemma 3.6, Lemma 3.10, Corollary 3.12, Theorem 3.16 and Theorem
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It is notice from Figure 1 that if a topological space (X, τ) is γ-PS -T0, then
X is γ-preT 1
2
and hence it is γ-βT 1
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space. Also, the spaces γ-PS -T2 and γ-semiT2 are independent.
Finally, the spaces γ-preTi and γ-semiTi for i = 1, 2 are independent.
Definition 3.19. Let (X, τ) and (Y, σ) be two topological spaces and γ
be an operation on τ . A function f : (X, τ) → (Y, σ) is called γ-PS -continuous
[3] (respectively, (γ, β)-PS -irresolute [5]) if the inverse image of every open
(respectively, β-PS -open) set in Y is γ-PS-open (respectively, γ-PS-open) set in
X.
Theorem 3.20. A function f : (X, τ) → (Y, σ) with γ be an operation
on τ is γ-PS -continuous [3] (respectively, (γ, β)-PS -irresolute [5]) if and only if
f−1(V ) is γ-PS -open set in X, for every open (respectively, β-PS-open) set V
of Y .
Definition 3.21. A function f : (X, τ) → (Y, σ) is called β-PS -open [3]
(respectively, (γ, β)-PS -open [5] and β-open [3]) if the image of every open
(respectively, β-PS -open and open) set in X is γ-PS -open (respectively, γ-PS -
open and open) set in Y .
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Theorem 3.22. Let γ and β be operations on τ and σ respectively. Let
f : (X, τ) → (Y, σ) be an injective (γ, β)-PS -irresolute function. If (Y, σ) is
β-PS -T2, then (X, τ) is γ-PS -T2.
Proof. Let x1 and x2 be any distinct points of a space (X, τ). Since f is
an injective function and (Y, σ) is β-PS -T2. Then there exist two β-PS-open
sets G1 and G2 in Y such that f(x1) ∈ G1, f(x2) ∈ G2 and G1 ∩ G2 = φ.
Since f is (γ, β)-PS -irresolute, then by Theorem 3.20, f
−1(G1) and f
−1(G2)
are γ-PS -open sets in (X, τ) containing x1 and x2 respectively. Hence f
−1(G1)
∩ f−1(G2) = φ. Therefore, (X, τ) is γ-PS-T2.
Corollary 3.23. Let f : (X, τ) → (Y, σ) be an injective (γ, β)-PS -irresolute
function. If (Y, σ) is β-PS -Ti, then (X, τ) is γ-PS -Ti for i = 0, 1.
Proof. The proof is similar to Theorem 3.22.
Definition 3.24. [6] A function f : (X, τ) → (Y, σ) is called γ-continuous
if f−1(V ) is γ-open set in X, for every open set V of Y .
Lemma 3.25. [5] Let γ and β be operations on τ and σ respectively. If
f : (X, τ) → (Y, σ) is both γ-continuous and β-open function, then f is (γ, β)-
PS-irresolute.
Lemma 3.26. Let f : (X, τ) → (Y, σ) be an injective γ-continuous and
β-open function. If (Y, σ) is β-PS -Ti, then (X, τ) is γ-PS-Ti for i = 0, 1, 2.
Proof. Directly follows from Theorem 3.22, Corollary 3.23 and Lemma 3.25
since every γ-continuous and β-open function f is (γ, β)-PS -irresolute.
Lemma 3.27. Let γ and β be operations on τ and σ respectively. Let
f : (X, τ) → (Y, σ) be an injective γ-PS -continuous function. If (Y, σ) is Ti,
then (X, τ) is γ-PS -Ti for i = 0, 1, 2.
Proof. It is enough to proof for one case of i (say i = 2) since the proofs of
the other cases are similar.
Let f be an injective γ-PS-continuous function and x1, x2 ∈ X such that
x1 6= x2. Since (Y, σ) is T2, then there exist two open sets G1 and G2 in
(Y, σ) such that f(x1) ∈ G1, f(x2) ∈ G2 and G1 ∩ G2 = φ. Since f is γ-PS -
continuous, then by Theorem 3.20, f−1(G1) and f
−1(G2) are γ-PS-open sets in
(X, τ) containing x1 and x2 respectively. Hence f
−1(G1) ∩ f
−1(G2) = φ. So
(X, τ) is γ-PS -T2.
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Theorem 3.28. Assume that a function f : (X, τ) → (Y, σ) is a surjective
and (γ, β)-PS -open. If (X, τ) is γ-PS -Ti, then (Y, σ) is β-PS -Ti for i = 0, 1, 2.
Proof. It is enough to proof for one case of i (say i = 2) since the proofs of
the other cases are similar.
Let a function f be a surjective and (γ, β)-PS -open and y1, y2 ∈ Y such that
y1 6= y2. Then there exist distinct points x1 and x2 of X such that f(x1) = y1
and f(x2) = y2. Since (X, τ) is γ-PS -T2 space, there exist γ-PS -open sets V1
and V2 such that x1 ∈ V1, x2 ∈ V2 and V1 ∩ V2 = φ. Since f is (γ, β)-PS -open,
then f(V1) and f(V2) are β-PS-open sets in (Y, σ) such that y1 = f(x1) ∈ f(V1)
and y2 = f(x2) ∈ f(V2). This implies that f(V1) ∩ f(V2) = φ. Hence (Y, σ) is
β-PS -T2.
The proof of the next corollary is similar to Theorem 3.28.
Corollary 3.29. Assume that a function f : (X, τ) → (Y, σ) is a surjective
and β-PS-open. If (X, τ) is Ti, then (Y, σ) is β-PS-Ti for i = 0, 1, 2.
Proof. Obvious.
The following new space in terms of τγ-PS -closure will help us to give more
relations and properties of γ-PS-Ti spaces for i = 0,
1
2 , 1, 2.
Definition 3.30. A topological space (X, τ) with an operation γ on τ , is
said to be γ-PS -symmetric if for each x, y in X, then x ∈ τγ-PSCl({y}) implies
that y ∈ τγ-PSCl({x}).
Theorem 3.31. Let (X, τ) be a topological space and γ be an operation
on τ . Then X is γ-PS-symmetric if and only if the singleton set {x} is γ-PS -g-
closed, for each x ∈ X.
Proof. Let {x} ⊆ G and G is γ-PS-open set in X. Suppose that τγ-
PSCl({x}) 6⊆ G. Then τγ-PSCl({x})∩X\G 6= φ. Let y ∈ τγ-PSCl({x})∩X\G,
then y ∈ τγ-PSCl({x}). Since a space X is γ-PS -symmetric, then x ∈ τγ-
PSCl({y}) ⊆ X\G and hence x /∈ G. This is a contradiction of the assumption.
This means that the singleton set {x} is γ-PS -g-closed, for each x ∈ X.
Conversely, suppose that x ∈ τγ-PSCl({y}), but y /∈ τγ-PSCl({x}). Then
{y} ⊆ X\τγ-PSCl({x}) and X\τγ-PSCl({x}) is γ-PS-open set in X. Then by
hypothesis, we have τγ-PSCl({y}) ⊆ X\τγ-PSCl({x}). Therefore x ∈ X\τγ-
PSCl({x}). This is contradiction. Therefore, y ∈ τγ-PSCl({x}) and hence X
is γ-PS -symmetric space.
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Corollary 3.32. [4] In a topological space (X, τ) with an operation γ on
τ . Then every subset of X is γ-PS-g-closed if and only if τγ-PSO(X) = τγ-
PSC(X).
Lemma 3.33. For any topological space (X, τ) with an operation γ on τ .
If τγ-PSO(X) = τγ-PSC(X), then (X, τ) is γ-PS-symmetric.
Proof. Since τγ-PSO(X) = τγ-PSC(X), then by Corollary 3.32, every sub-
set of (X, τ) is γ-PS-g-closed. This means that every singleton sets are γ-PS -g-
closed and hence by Theorem 3.31, the space (X, τ) is γ-PS-symmetric.
Recall that a topological space (X, τ) with an operation γ on τ is γ-locally
indiscrete if every γ-open subset of X is γ-closed, or every γ-closed subset of
X is γ-open [1].
Theorem 3.34. [4] If a space (X, τ) is γ-locally indiscrete, then τγ-
PSO(X) = τγ-PSC(X).
From Lemma 3.33 and Theorem 3.34, we have the following lemma.
Lemma 3.35. If (X, τ) is γ-locally indiscrete space, then (X, τ) is γ-PS -
symmetric.
Proof. Clear.
Remark 3.36. If (X, τ) is γ-locally indiscrete space such that τγ 6= P (X),
then (X, τ) will be not γ-PS -Ti for i = 0,
1
2 , 1, 2.
Recall that a topological space (X, τ) with an operation γ on τ is γ-
hyperconnected if τγ-Cl(G) = X for every γ-open set G of X [1].
Theorem 3.37. [2] Let γ be a regular operation on τ . A topological space
(X, τ) is γ-hyperconnected if and only if τγ-PSO(X) = {φ,X}.
Corollary 3.38. If (X, τ) is γ-hyperconnected space and γ is a regular
operation on τ , then (X, τ) will be not γ-PS-Ti for i = 0,
1
2 , 1, 2. This means
that if (X, τ) is γ-PS-Ti for i = 0,
1
2 , 1, 2, then it is not γ-hyperconnected.
Proof. This is an immediate consequence of Theorem 3.37.
Lemma 3.39. If (X, τ) is γ-hyperconnected space and γ is a regular
operation on τ , then (X, τ) is γ-PS -symmetric.
Proof. Directly follows from Lemma 3.33 and Theorem 3.37.
698 B.A. Asaad, N. Ahmad, Z. Omar
The relation between γ-PS-symmetric and γ-PS -T1 spaces are shown in the
following theorem.
Theorem 3.40. If (X, τ) is γ-PS -T1 space, then it is γ-PS-symmetric.
Proof. By Theorem 3.3, every singleton sets are γ-PS -closed in a γ-PS-T1
space (X, τ). Since every γ-PS -closed set is γ-PS -g-closed. Then by Theorem
3.31, (X, τ) is γ-PS -symmetric.
But the converse of Theorem 3.40 may not be true as in the next example
shows.
Example 3.41. Let (X, τ) be any γ-hyperconnected space and γ be a reg-
ular operation on τ , then by Lemma 3.39, the space (X, τ) is γ-PS-symmetric,
but it is not γ-PS-T1 since X is γ-hyperconnected space and hence by Theorem
3.37, τγ-PSO(X) = {φ,X}.
Since every γ-PS -T2 space is γ-PS -T1, then by Theorem 3.40 that every γ-
PS-T2 space is γ-PS -symmetric. But there is no relation between γ-PS-T0 and
γ-PS -symmetric spaces.
Theorem 3.42. Let (X, τ) be a topological space and γ be an operation on
τ . Then (X, τ) is γ-PS-T1 if and only if (X, τ) is γ-PS -T0 and γ-PS-symmetric.
Proof. If (X, τ) is γ-PS-T1, then by Lemma 3.6 and Theorem 3.40, (X, τ)
is both γ-PS -T0 and γ-PS-symmetric respectively.
Conversely, let x, y be any two distinct points of γ-PS-T0 space (X, τ), then
by hypothesis there exists a γ-PS -open set G containing x or y (say x, but
not y). This means that x ∈ G ⊆ X\{y}. Then G ∩ {y} = φ and hence
x /∈ τγ-PSCl({y}). Since (X, τ) is γ-PS -symmetric, then y /∈ τγ-PSCl({x})
which implies that there exists a γ-PS -open set H such that y ∈ H ⊆ X\{x}.
Therefore, the space (X, τ) is γ-PS -T1.
Corollary 3.43. Let (X, τ) be any γ-PS -symmetric space and γ be an
operation on τ . Then the following properties are equivalent:
1. X is γ-PS -T1.
2. X is γ-PS -T 1
2
.
3. X is γ-PS -T0.
Proof. The proof of the implications (1) ⇒ (2) and (2) ⇒ (3) are follows
directly from Lemma 3.6.
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(3) ⇒ (1) It is clear from Theorem 3.42 since (X, τ) is γ-PS-symmetric
space.
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